In this paper, we study the forced oscillation of the higher-order nonlinear difference equation of the form
Introduction
Qualitative theory of difference equations has received much attention in recent years due to its extensive applications in computer, probability theory, queuing problems, statistical problems, stochastic time series, combinatorial analysis, number theory, electrical networks, genetics in biology, economics, psychology, sociology, and so on [, ] .
In this paper, we consider the oscillation of the following mth-order forced nonlinear difference equation of the form
where m ≥ , τ , σ  and σ  are integers, * (u) = |u| *- u, p(n), q  (n), q  (n) and f (n) are real sequences defined on N = {, , , . . .} with p(n) > ,  < α <  < β are constants, and
As usual, a solution of Eq. () is said to be oscillatory, if for every integer N ≥ , there exists n ≥ N such that x(n)x(n + ) ≤ ; otherwise, it is called nonoscillatory.
For the continuous version of Eq. (), many authors have studied its oscillation (see monograph [] and references therein). To the best of our knowledge, little has been http://www.advancesindifferenceequations.com/content/2012/1/110 known about the forced oscillation of Eq. () with positive and negative coefficients (q  ≤ , q  >  or q  ≥ , q  < ) and mixed nonlinearities ( < α < , β > ). For some particular cases of Eq. (), there have been many oscillation results in [-], to name a few. Motivated by the work in [-], we study the forced oscillation of Eq. () in this paper.
The main contribution of this paper is that we establish some new oscillation criteria for Eq. () with positive and negative coefficients and mixed nonlinearities. Unlike some existing results in the literature, all possible values of delays τ , σ  and σ  are considered.
Main results
Throughout this paper, we denote
By the straightforward computation, it is not difficult to see that
and
where n  ≥  is an integer. We also denote k s=l =  if k < l. The following two facts can be easily proved.
We now present the main results of this paper as follows.
where 
where n  ≥  is sufficiently large. By the straightforward computation, we have
where
Noting that
we can get from (), () and () that
Since φ(n, s) =  for n ≤ s ≤ n + m - due to (), we get from () that
Noting that σ  ≥ -m, we have that n + m - ≥ n -σ  -. Therefore, we get from () that
By Fact  and (), it is not difficult to see that
where Q  (n, s) is defined by (). On the other hand, similar to the above analysis, we have that
By Fact  and (), we have that
on both sides of (), by (), () and (), we have that there exists a constant M  such that
which contradicts (). For the case when x(n) is eventually negative, we can similarly get a contradiction to (). This completes the proof of Theorem .
all solutions of Eq. () are oscillatory.
Proof Suppose to the contrary that there exists a nontrivial solution x(n) of Eq. () such that x(n) is nonoscillatory. We may let
where n  ≥  is sufficiently large. By the straightforward computation, we get from Eq. () that
Noticing that φ(n, s) =  for n ≤ s ≤ n + m -, we get from () that
Since σ  ≤ -m, we have that n + m - ≤ n -σ  -. Thus, we can get from () that
By Fact  and (), it is easy to see that
where P  (n, s) is defined by (). http://www.advancesindifferenceequations.com/content/2012/1/110
On the other hand, similar to the computation of (), we can get
By Fact  and (), we have that
on both sides of (), from (), () and (), we have that there exists a constant M  such that
This is a contradiction to (). For the case when x(n) is eventually negative, we can similarly get a contradiction to (). This completes the proof of Theorem .
By Theorems  and , the following two corollaries are immediate. http://www.advancesindifferenceequations.com/content/2012/1/110
where Q  (n, s) is defined by (), all solutions of Eq. () are oscillatory for any constant σ  .
Proof In fact, we have that F  (n, s) ≥  for any constant σ  since q  (n, s) ≥ . So, we can drop F  (n, s) in the estimation of (). The other proof runs as that of Theorem , and hence it is omitted.
where P  (n, s) is defined by (), all nontrivial solutions of Eq. () are oscillatory.
Proof For this case, we have that G  (n, s) ≥  for any constant σ  since q  (n, s) ≤ . Therefore, we can drop G  (n, s) in the estimation of (). The other proof runs as that of Theorem .
For other cases of σ  and σ  that are not covered by Theorem  and Theorem , the above method usually does not give sufficient conditions for the oscillation of all solutions of Eq. (). However, when assuming that the solutions of Eq. () satisfy appropriate conditions, sufficient conditions for such solutions can also be derived. In the following, we are focused on the oscillation of all solutions of Eq. 
where n  ≥  is sufficiently large.
(i) For the case σ  < -m, we have that n + m - < n -σ  -. Therefore, we get from () that
By Fact  and (), and noting that x(n) ≤ cn r for n ≥ n  and some constant c > , we get
on both sides of (), from (), (), () and (), we get a contradiction to ().
(ii) For the case σ  -τ > -m, we have that n -σ  + τ - < n + m -. By (), we get
By Fact  and (), and noting that x(n) ≤ cn r for n ≥ n  , we have that where k >  is a constant. It is obvious that m = , σ  = -, σ  = τ = , α = /, β = , p(n) ≡ , q  (n) ≡ , q  (n) ≡ - and f (n) = n k cos n. We also choose φ(n, s) = (n -s) () . By the straightforward computation, we have that It is not difficult to see that the above two inequalities hold for appropriate k > .
